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^ , Abstract 

There is an opinion that the Bohm reformulation of the EPR paradox in terms 
of spin variables is equivalent to the original one. In this note we show that such an 
opinion is not justified. We apply to the original EPR problem the method which was 
used by Bell for the Bohm reformulation. He has shown that correlation function of 
two spins cannot be represented by classical correlation of separated bounded random 
processes. This Bell's theorem has been interpreted as incompatibility of local realism 
with quantum mechanics. We show that, in contrast to Bell's theorem for spin or 
polarization correlation functions, the correlation of positions (or momenta) of two 
partides, depending on the rotation angles, in the original EPR model always admits 
a representation in the form of classical correlation of separated random processes. In 
this sense there exists a local realistic representation for the original EPR model but 
there is no such a representation for the Bohm spin reformulation of the EPR paradox. 
It shows also that the phenomena of quantum nonlocality is based not only on the 
properties of entangled states but also on the using of particular bounded observables. 
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In 1935 Einstein, Podolsky and Rosen (EPR) advanced an argument about incomplete- 
ness of quantum mechanics . They proposed a gedanken experiment involving a system of 
two partides spatially separated but correlated in position and momentum and argued that 
two non-commuting variables (position and momentum of a particle) can have simultaneous 
physical reality. They concluded that the description of physical reality given by quantum 
mechanics, which does not permit such a simultaneous reality, is incomplete. 

Though the EPR work dealt with continuous variables most of the further activity have 
concentrated almost exclusively on systems of discrete spin variables following to the Bohm 
[| and Bell § works. 

Bell's theorem JJ] states that there are quantum spin correlation functions that can not 
be represented as classical correlation functions of separated random variables. It has been 
interpreted as incompatibility of the requirement of locality with the statistical predictions 
of quantum mechanics 0. For a recent discussion of Bell's theorem see, for example jp 



Ï7H and references therein. It is now widely accepted, as a result of Bell's theorem and 
related experiments, that "Einstein's local realism" must be rejected. For a discussion of the 
role of locality in the three dimensional space see, however, [|Ï6], [T/J . 

The original EPR system involving continuous variables has been considered by Bell in 
He has mentioned that if one admits "measurement" of arbitrary "observables" on ar- 



bitrary states than it is easy to mimic his work on spin variables (just take a two- dimensional 
subspace and define an analogue of spin operators) . The problem which he was discussing in 
[[TJI is narrower problem, restricted to measurement of positions only, on two non-interacting 
spinless partides in free space. Bell used the Wigner distribution approach to quantum me- 
chanics. The original EPR state has a nonnegative Wigner distribution. Bell argues that it 
gives a local, classical model of hidden variables and therefore the EPR state should not 
violate local realism. He then considers a state with nonpositive Wigner distribution and 
demonstrates that this state violates local realism. 

Bell's proof of violation of local realism in phase space has been criticized in ]Ï9|] because 



of the use of an unnormalizable Wigner distribution. Then in [^0] it was demonstrated that 
the Wigner function of the EPR state, though positive defmite, provides an evidence of the 
nonlocal character of this state if one measures a displaced parity operator. 

In this note we apply to the original EPR problem the method which was used by Bell 
in his well known paper H]. He has shown that the correlation function of two spins cannot 
be represented by classical correlations of separated bounded random variables. This Bell's 
theorem has been interpreted as incompatibility of local realism with quantum mechanics. 
We shall show that, in contrast to Bell's theorem for spin correlation functions, the correlation 
function of positions (or momenta) of two partides always admits a representation in the 
form of classical correlation of separated random variables. This result looks rather surprising 
since one thinks that the Bohm-Bell reformulation of the EPR paradox is equivalent to the 
original one. 

In the Bohm formulation one considers a pair of spin one-half partides formed in the 
singlet spin state and moving freely towards two detectors. If one neglects the space part 
of the wave function then one has the Hilbert space C 2 (g> C 2 and the quantum mechanical 
correlation of two spins in the singlet state ip S pin G C 2 £§) C 2 is 

D spin (a,b) = (ip sp in\cr(a) <g) <j(b)\ïp spin ) = -a ■ b (1) 
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Here a = (ai,ü2, as) and b = (61, 62, 63) are two unit vectors in three-dimensional space R 3 , 
a = a"2, er 3 ) are the Pauli matrices, a(a) = Yh=i a i a i an d 4>spin — ( 1 01 > — 110 > /y/2. 

Bell's theorem states that the function D spin (a,b) Eq. (jH) can not be represented in the 
form 

J^(a,XMb,X)dp(X) (2) 

i.e. 

D spin (a, b)^ j £i(a, A)£ 2 (ò, A)dp(A) (3) 

Here £i(a, A) and £2(6, A) are random fields on the sphere, which satisfy the bound 

|£ n (a,A)|<l, n = l,2 (4) 

and dp(X) is a positive probability measure, / dp(X) = 1. The parameters A are interpreted 
as hidden variables in a realist theory. 

The proof of the theorem is based on Bell's (or CHSH) inequalities. Let us stress that the 
main point in the proof is actually not the discreteness of classical or quantum spin variables 
but the bound (f|) for classical random fields. 

If we relax the bound then one can exibit a local realistic model which reproduces quan- 
tum correlation of two spins. Indeed let us take as a probability space A just 3 points: 
A = {1, 2, 3} and the expectation 

Ef=\j2f(X) 

ó A=l 

Let the random fields be 

£i(a, A) = -£ 2 (a, A) = VSa x , X = 1,2,3 (5) 
Then one has the relation: 



-(0,6) =^(0)6(6) (6) 

The Bell's theorem (D) does not vàlid in this case because we do not have the bound fl3|). 
Instead we have 

\U^X)\<y/3 (7) 

Now let us apply a Bell style approach through correlation functions to the original EPR 
case. The Hilbert space of two one-dimensional partides is L 2 (R) ® L 2 (R) and canonical 
coordinates and momenta are qi,q2,Pi,P2 which obey the commutation relations 

[q m ,Pn] = Í5 mn , [q m ,q n ] = 0, \p m ,Pn) =0, 771,71 = 1,2 (8) 

The EPR paradox can be described as follows. There is such a state of two partides 
that by measuring pi or çi of the first particle, we can predict with certainty and without 
interacting with the second particle, either the value of P2 or the value of qi of the second 
particle. In the first case P2 is an element of physical reality, in the second q<i is. Then, these 
realities must exist in the second particle before any measurement on the first particle since 
it is assumed that the particle are separated by a space-like interval. However the realities 
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can not be described by quantum mechanics because they are incompatible - coordinate and 
momenta do not commute. So that EPR conclude that quantum mechanics is not complete. 
Note that the EPR state actually is not a normalized state since it is represented by the 
delta-function, ip = 5(xi — x 2 — a). 

An important point in the EPR consideration is that one can choose what we measure - 
either the value of pi or the value of q\. For a mathematical formulation of a free choice we 
introduce canonical transformations of our variables: 

q n (a) = q n cosa -p n sma, p n (a) = q n sin a + p n cos a; n = l,2 (9) 

Then one gets 

[q m (a),p n (a)} = iS mn ; m,n = 1,2. (10) 

In particular one has q n (0) = q n , g n (37r/2) = p n , n = 1,2. 
Now let us consider the correlation function 

D{a u a 2 ) = (ip\qi (ai) ®? 2 NI'/') (11) 

The correlation function .D(ai,a 2 ) (0) is an analogue of the Bell correlation function 
D sp in(a,b) (HI). Bell in |L8| has suggested to consider the correlation function of just the 



free evolutions of the partides at different times (see below). 

We are interested in the question whether the quantum mechanical correlation function 
( PD can be represented in the form 

ft%i(t*i) ® qzMW) = I £i(ai, A)6(« 2 , X)dp(X) (12) 

Here £ n (at n , X),n— 1, 2 are two real functions (random processes), possibly unbounded, and 
dp(X) is a positive probability measure, / dp(X) = 1. The parameters À are interpreted as 
hidden variables in a realist theory. 

Let us prové that there are required functions £ n (a ra ,À) for an arbitrary state ip. We 
rewrite the correlation function D(oíi,oí2) (0) in the form 

(0|çi(a!i) ® 52(0(2) IV') =< Q1Q.2 > cosa:i cosa 2 — < > sin ai cosa 2 (13) 

— < qiP2 > cos ai sin a 2 + < P1P2 > sin ai sin a 2 
Here we use the notations as 

< <?i<?2 >= (V'kifelV') 

Now let us set 

£i(ai, A) = /i(A) cosai - g-i(A) sinai, 
6(02, A) = / 2 (A) cosa 2 - g 2 (X) sina 2 
Here real functions f n {X),g n (X), n = 1,2 are such that 

•E/1/2 =< qiQ2 >, -Epi/2 =< Pl<?2 >, E/ig-2 =< giJ5 2 >, EpiC/2 =< PlP2 > (14) 
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We use for the expectation the notations as Ef\f 2 = J /i(A)/2, (X)dp(X). To solve the system 
of equations ([L4]) we take 
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/n(A) = J2 F nt^%W, 9n(X) = J2 GntfM 
fi=l /j,=l 

where F nfJi ,G nfJi are constants and Erj^ = 6^. We denote 

< Ç1Ç2 >= A, < piq 2 >= B, < q x p 2 >= C, < p x p 2 >= D. 
A solution of Eqs flli]) may be given for example by 

fi = A Vu h = Vi, 

gx = Br]! + {D- — )r/ 2 , g 2 = —% + Vi 

Hence the representation of the quantum correlation function in terms of the separated 
classical random processes fll2|) is proved. 

The condition of reality of the functions £ n (a n , A) is important. It means that the range 
of £ n («n, A) is the set of eigenvalues of the operator q n (a n ). If we relax this condition then 
one can get a hidden variable representation just by using an expansion of unity: 

(ip\q l (a l )q 2 (a 2 )\ip) = ^ MíiMlA) (X\q 2 (a 2 )\ip) 

x 

For a discussion of this point in the context of a noncommutative spectral theory see ||17|| . 
Similarly one can prové a representation 

(V>l?i(íi)®92(í 2 )|^) = / Uti,X)Ut2,X)d P (X) (15) 

where q n {t) = q n +Pnt, n — 1, 2 is a free quantum evolution of the partides. It is enough to 
take 

A) = /i(A) + ^(A)íi, 6(*2, A) = / 2 (A) + g 2 {X)t 2 . 

To summarize, it is shown in the note that, in contrast to the Bell's theorem for the spin or 
polarization variables, for the original EPR correlation functions which deal with positions 
and momenta one can get a local realistic representation in terms of separated random 
processes. The representation is obtained for any state including entangled states. Therefore 
the original EPR model does not lead to quantum nonlocality in the sense of Bell even for 
entangled states. One can get quantum nonlocality in the EPR situation only if we (rather 
artificially) restrict ourself in the measurements with a two dimensional subspace of the 
infmite dimensional Hilbert space corresponding to the position or momentum observables. 

If we adopt the Bell approach to the local realism (i.e. through classical separated 
stochastic processes) then one can say that the original EPR model admits a local real- 
istic description in contrast to what was expected for the model. It follows also that the 
phenomena of quantum nonlocality in the sense of Bell depends not only on the properties 
of entangled states but also on particular observables which we want to measure (bounded 
spin-like or unbounded momentum and position observables). An interrelation of the roles of 
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entangled states and the bounded observables in considerations of local realism and quantum 
nonlocality deserves a further theoretical and experimental study. 

Discussion of appropriate experiments is out the scope of the present paper. Here our 
primary goal was to show that the original EPR model admits a local realisitic representation 
in the sense of Bell for any states if we measure positions and momenta. In particular it 
would be interesting to explore the transition from EPR locality to quantum nonlocality when 
we measure only spin-like observables by using states produced in a pulsed nondegenerate 
optical parametric amplifier (NOPA). To this end one has to study correlations of operators 
which interpolate between the bounded spin-like or parity-like observables and position and 
momenta operators. 
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